Stochastic difference equations and a stochastic partial differential equation (SPDE) are simultaneously derived for the time-dependent neutron angular density in a general three-dimensional medium where the neutron angular density is a function of position, direction, energy, and time. Special cases of the equations are given such as transport in one-dimensional plane geometry with isotropic scattering and transport in a homogeneous medium. The stochastic equations are derived from basic principles, i.e., from the changes that occur in a small time interval. Stochastic difference equations of the neutron angular density are constructed, taking into account the inherent randomness in scatters, absorptions, and source neutrons. As the time interval decreases, the stochastic difference equations lead to a system of Itô stochastic differential equations (SDEs). As the energy, direction, and position intervals decrease, an SPDE is derived for the neutron angular density. Comparisons between numerical solutions of the stochastic difference equations and independently formulated Monte Carlo calculations support the accuracy of the derivations.
Introduction
In the present investigation, stochastic versions of the deterministic neutron transport equation are derived. Specifically, stochastic difference equations and a stochastic partial differential equation (SPDE) are simultaneously derived that account for the random effects of absorptions, scatters, and source particles and generalize the standard deterministic neutron transport equation. Numerical approximations of the SPDE, through solution of the system of stochastic difference equations, provide approximations to the randomly varying neutron densities and yield insight into the random behavior of neutron transport. The stochastic transport equations are most useful for problems involving low numbers of neutrons. As the coefficient of variation is often approximately inversely proportional to the square root of the population size, the deterministic and stochastic transport equations yield essentially the same results for high numbers of neutrons.
There are alternate but apparently equivalent ways to derive a system of stochastic differential equations (SDEs) for a randomly varying dynamical problem. The first way involves deriving a master equation for the random process [14, 26] . A master equation is a differential form of the Chapman-Kolmogorov equation involving transition probabilities and is a probability conservation equation for the probabilities of separate states. If the transition densities are expanded in a parameter that defines the size of the fluctuations or jumps, then a Fokker-Planck equation or forward Kolmogorov equation is obtained in the first few terms of the expansion. As the probability density of an SDE system satisfies a certain forward Kolmogorov equation, this procedure infers a particular SDE system that approximates the random dynamics of the problem. In this procedure, a system of stochastic difference equations is not derived as an intermediate step. A second way to derive a system of SDEs for a randomly varying problem is by studying the changes in the process for a short time interval which gives a discrete stochastic model. The discrete stochastic model infers a system of stochastic difference equations which, in turn, leads to an appropriate SDE system.
For example, consider a randomly varying problem where X = [X 1 , X 2 , . . . , X N ]
T is a random vector of N components for the problem. Let ∆ X be the change in the process for a small time interval ∆t. The expectations µ( X, t) = E(∆ X)/∆t and V ( X, t) = E(∆ X(∆ X) T )/∆t are determined and a stochastic difference equation approximation for the problem has the form:
X(t + ∆t) = X(t) + µ( X(t), t)∆t + (V ( X(t), t))
where η t is a vector of length N of independent normally distributed random numbers with zero mean and unit variance. Finally, the SDE system that approximates the behavior of the randomly varying process has the form d X(t) = µ( X, t)dt + (V ( X, t))
where W (t) is a vector of length N of independent Wiener processes. It can be shown that the probability density of solutions of the stochastic system (1) or (2) approximates the probability density of the original randomly varying process [1, 4, 6] . Assume now that there are M possible changes in the process with probabilities p j ∆t for j = 1, 2, . . . , M for small ∆t. Also, assume that the jth change alters the ith component by λ j,i . Then, the elements of µ are given by µ i = M j=1 p j λ j,i and the elements of N × N matrix V are given by v i,l = M j=1 p j λ j,i λ j,l for i, l = 1, 2, . . . N. In addition, an equivalent SDE system to (2) is d X(t) = µ( X, t)dt + C( X, t) d W * (t) (3) where N × M matrix C has elements c i,j = λ j,i p 1/2 j and W * (t) is a vector of length M of independent Wiener processes. Furthermore, equation (3) is also obtained from the masterequation approach under the same assumptions [14] . Thus, the two derivation procedures produce identical SDE systems for this general N-component and M-change process.
These two derivation procedures produce very reasonable stochastic equation models for a given phenomenon. For randomly varying systems where the dependent variable depends on time and on secondary independent variables, a stochastic partial differential equation (SPDE) may be derived by replacing the Wiener processes in the SDE system with appropriate Brownian sheets and letting the intervals in the remaining independent variables go to zero. The resulting equation is an SPDE model for the phenomenon.
In this paper, stochastic difference equations and a stochastic partial differential equation
are derived for the transport of neutrons in matter. In neutron transport, captures, scatters, fissions, and source neutrons occur randomly. As a result, the neutron angular density varies stochastically. The relative magnitude of the random behavior of the angular density is pronounced for low neutron densities, such as during reactor startup, but decreases as the neutron density increases. The standard or deterministic neutron transport equation (or Boltzmann neutron transport equation) describes the expected or probable neutron angular density with respect to position, direction, energy, and time [9] . Solutions of the deterministic neutron transport equation provide average values of the neutron angular density; actual realizations with time of the neutron angular densities, that include random effects from neutron interactions and sources, are not obtained.
A stochastic partial differential equation is derived in this paper for neutron transport in a general three-dimensional absorbing and anisotropic-scattering medium where the neutron angular density depends on position, direction, energy, and time. In the present investigation, the medium is assumed to be constant with respect to material composition, i.e., zero power noise. Special random effects, for example, from randomly varying boundary conditions or from a medium that is randomly varying [28, 29] are not studied in the present investigation although generalizations of the SPDE to approximate such conditions may be possible.
Using the derived stochastic neutron transport equation, sample paths (realizations) of the randomly varying neutron angular densities can be approximately computed. In addition, after computing many sample paths, moments of the neutron densities, for example, can be estimated. The stochastic neutron transport equation is derived from basic principles, i.e., from the changes in the system that occur in a small time interval. The dynamical system is studied to determine the different independent random changes that occur. Appropriate terms are identified for these changes in developing a stochastic difference system where all independent variables are discrete. As the time interval goes to zero, a certain stochastic differential equation (SDE) system is inferred (e.g., [1, 4, 6, 16, 25] ). Next, multidimensional
Brownian sheets replace the Wiener processes. As the intervals in the remaining independent variables go to zero, the SDE system leads to an SPDE [2, 3] . It is illustrated how the stochastic transport equation can be solved computationally through numerical solution of a stochastic difference system.
The neutron transport equation is of fundamental importance in nuclear reactor theory and shielding design [9, 12, 17, 22] . The stochastic nature of the neutron transport process has been of interest for many years. Classic studies of the stochastic theory of neutron transport are given in [7, 8] . In particular, let p n (R, t f ; x, v, t) be the probability that a neutron with position x and velocity v at time t leads to n neutrons in region R of x, v space at time t f . In [8] , a non-linear integro-differential equation for the probability generating function is derived for p n (R, t f ; x, v, t). The equations derived are interesting but complicated and difficult to apply. More recently, a master equation approach was used to estimate the temporal evolution of the number of neutrons in time-varying multiplying systems [19, 23] .
This approach gives, for example, moments of the number of neutrons in the system with time. However, a stochastic difference system approximation of neutron transport is not determined and, as a result, sample paths of the randomly varying neutron densities with respect to energy, position, and direction are not estimated.
In the next section, stochastic difference equations and a stochastic partial differential equation are derived for neutron transport in general three-dimensional xyz-geometry. The changes due to absorptions, fissions, and scatters, which occur randomly with probability proportional to the neutron angular density and to the time interval, are carefully consid- 
Derivation of Stochastic Neutron Transport Equations
The neutron transport equation in xyz-geometry can be written in the integro-differential form [9, 12] :
+ Q(x, y, z, E, t) − vσ(x, y, z, E)N(x, y, z, µ, φ, E)
E ≤ E max and t ≥ 0 whereN =N (x, y, z, µ, φ, E, t) is the expected neutron angular density with respect to position (x, y, z), direction Ω = (µ, φ), energy E, and time t per unit volume per unit solid angle per unit energy. In (4), σ ′ = σ(x, y, z, E ′ ) and
The notation used here is generally consistent with the notation used in [9] . In particular, v is the neutron speed, σ is the total macroscopic cross section,
∆µ∆φ∆E is the probability of a neutron transfer from direction (µ ′ , φ ′ ) and energy E ′ to solid angle ∆µ∆φ about direction (µ, φ) with energy ∆E about energy E. Note that
where σ ′ r = σ r (x, y, z, E ′ ) and the sum includes the separate interactions r in which neutrons are produced such as elastic scattering or fission. The parameters µ x , µ y and µ z are the direction cosines for the x, y, and z axes, respectively. In particular, µ x = µ = cos θ, µ y = sin(cos −1 µ) cos φ, and µ z = sin(cos
Furthermore, c(x, y, z, E) =
number of neutrons emerging per collision of neutrons of energy E at position (x, y, z).
Finally, Q(x, y, z, E) is the number of source neutrons per unit solid angle per unit volume per unit energy and is assumed to be isotropic.
To simplify the derivation, it is useful to define several other quantities. Let σ c be the capture cross section, i.e., the sum of all the cross sections involving a pure capture event such as those due to (n, γ), (n, p), or (n, α) collisions. Letσ(x, y, z, E) = σ(x, y, z, E) − σ c (x, y, z, E) be the macroscopic cross section for all interactions other than pure capture interactions. Letf be defined by the expression
and defineĉ(x, y, z, E) =
number of neutrons emerging per non-capture collision of neutrons of energy E at position (x, y, z).
Equation (4) is deterministic and random variations in the neutron angular density due to the inherent randomness in absorptions, scatters, and fissions cannot be accurately studied using this equation. To derive a stochastic partial differential equation generalization of (4), the changes which occur in the angular density for a small time interval are determined taking into account interactions and transport. A discrete stochastic model of the neutron angular density is then constructed which infers a system of stochastic difference equations.
As the time interval decreases, the stochastic difference system leads to a system of Itô stochastic differential equations. As the intervals in position, direction, and energy decrease, a stochastic partial differential equation is derived for the neutron transport process.
Several Properties of Brownian Sheets
Before deriving these stochastic equations, it is useful to consider several properties of Brownian sheets [5, 10, 27] . Brownian sheet W (x, t) satisfies:
That is, the Brownian sheet is independent and normally distributed over rectangular regions.
In addition, if x j = j∆x for j = 0, 1, . . . , J, where ∆x = x max /J, then the Brownian sheet defines for j = 1, 2, . . . J, the standard Wiener processes, W j (t), where
Notice that if t i = i∆t for i = 0, 1, . . . , M, then
where η i,j ∼ N (0, 1) for each j = 1, 2, . . . J and i = 1, 2, . . . M. Also, standard Wiener processes can be defined using, for example, three-dimensional Brownian sheets letting
where W j,k (t) is a Wiener process for each j and k. However, notice that
Finally, it is useful to note that W (x, t) = W 1 (x)W 2 (t) where W 1 (x) and W 2 (t) are independent Wiener processes. To see this, let
Then,
In particular, W (A) = |A| η xt where η xt ∼ N (0, 1). However,
where η x ∼ N (0, 1) and
Derivation of stochastic neutron transport equations
To derive a stochastic neutron transport equation, the changes which occur in the neutron angular density for a small time interval ∆t at time t p are considered where t p = (p − 1)∆t for p = 1, 2, . . . . To facilitate finding these changes, the variables position, direction, and energy are made discrete. Three-dimensional space is discretized into rectangular parallelepipeds of length, width, and height ∆x, ∆y, ∆z, respectively. The direction variables µ and φ are discretized with intervals of size ∆µ = 2/L and ∆φ = 2π/M, and energy is discretized into intervals of size ∆E = E max /G. Furthermore,
)∆x∆y∆z∆µ∆φ∆E be the number of neutrons in the parallelepiped moving in direction µ l , φ m with energy E g . There are several possible changes that can occur to n = n(x i , y j , z k , µ l , φ m , E g , t p ) in the small time interval ∆t. A capture or fission can occur, a neutron can enter or leave one of the six faces of the parallelepiped, or a scatter can occur resulting in a loss or gain of one neutron. The possible changes ∆n along with their probabilities are listed in Table 1 for a small time interval ∆t.
Notice that position changes occur deterministically, i.e., the neutron position is determined by the neutron velocity and, thus, the number of neutrons moving from one parallelepiped into an adjacent parallelepiped is calculated based on the fraction of neutrons crossing the parallelepiped boundary in time ∆t. In Table 1 , the probabilities p c , p tr1 , p tr2 , and p Q are given by
For example, in Table 1 ,
)∆t is the probability that a neutron in the packet undergoes a capture. However, the two interaction terms, i.e., the term involving transfer into the packet and the term involving transfer out of the packet, need to be considered at each position for all the different directions and energies. Specifically,
is the probability in time ∆t that 1/ĉ(x i , y j , z k , E g ) neutrons are lost from direction µ l , φ m at energy E g (from the packet) when one neutron emerges in direction µ l ′ , φ m ′ with energy E g ′ for each value of l ′ , m ′ , and g ′ and
is the probability that one neutron emerges in direction µ l , φ m at energy E g (into the packet)
value of l ′ , m ′ , and g ′ . Note, for convenience in Table 1 ,
). Also, it is assumed that the neutron source, Q, is a Poisson process with the probability of adding one source neutron to the packet in a small time interval ∆t equal to Q(x i , y j , z k , E g , t p )∆x∆y∆z∆µ∆φ∆E∆t. Table 1 defines a discrete stochastic model for the neutron transport system. Using these changes and probabilities and letting the time interval ∆t approach zero, a system of Itô stochastic differential equations can be formulated for the dynamics of this random transport process. First, a deterministic equation for the expected number of neutrons at time t p + ∆t can be derived using the results of the Table 1 . This equation, for µ x , µ y , µ z > 0, is given by:
wheren is the expected number of neutrons in the packet. Lettingn =N∆x∆y∆z∆µ∆φ∆E and allowing ∆t to approach zero as well as ∆x, ∆y, ∆z, ∆µ, ∆φ, and ∆E, it is straightforward to show that (5) yields the standard neutron transport equation (4) . However, the changes and probabilities given in Table 1 can be used to derive an SDE model. Indeed, the discrete stochastic model and the SDE model will have approximately the same covariance terms as well as mean terms for small ∆t.
The derivation procedure, described in the Introduction for obtaining equation (3), is now applied using the changes and probabilities given in Table 1 to obtain the stochastic terms in the equations. Specifically, for the ith component (packet) of the system, the coefficient of the independent Wiener process corresponding to the jth change is equal to the product of λ j,i with the square root of the probability for the jth change, recalling that λ j,i is the amount that the jth change alters the ith component. The changes and probabilities given in Table 1 imply, for µ x , µ y , µ z > 0, that a very reasonable approximation to the discrete stochastic model satisfies the stochastic difference system: 
). For small ∆t, the stochastic difference system (6) has the same mean and mean square changes as the discrete stochastic model defined by Table   1 .
Stochastic difference system (6) is an Euler-Maruyama approximation to a certain Itô SDE system (e.g., [1, 4, 6] ) which has the form: 
). For small ∆t, the stochastic system (7) has approximately the same mean and mean square changes as the discrete stochastic model defined by Table 1 .
Before the intervals in space, energy, and direction can be allowed to go to zero so that the SDE system will approach an SPDE, the Wiener processes need to be replaced with appropriate Brownian sheets. Introduced now are multidimensional Brownian sheets W (c) (x, y, z, µ, φ, E, t), W (Q) (x, y, z, µ, φ, E, t), and W (tr) (x, y, z, µ, φ, E, µ ′ , φ ′ , E ′ , t). For example, W (c) (x, y, z, µ, φ, E, t) is an independent seven-dimensional Brownian sheet in variables x, y, z, µ, φ, E, t. The Wiener processes in (7) are now replaced by equivalent forms involving Brownian sheets after which the spatial, angular, and energy intervals will be allowed to approach zero. Specifically, in (7), let
where ∆S = ∆x∆y∆z∆µ ′ ∆φ ′ ∆E ′ ∆µ∆φ∆E. These equivalent expressions are now substituted into (7) and n is replaced with N∆x∆y∆z∆µ∆φ∆E. Next, ∆x, ∆y, ∆z, ∆µ, ∆φ, and ∆E are allowed to approach zero. The result is a stochastic partial differential equation for stochastic neutron transport:
+ Q(x, y, z, E, t) − vσ(x, y, z, E)N(x, y, z, µ, φ, E) infinite number of these sample path solutions, as occurs in nature, and the average of these random solutions is equal to the expected neutron angular densityN . Finally, notice that (8) generalizes (4) . If the stochastic terms are set equal to zero, then (8) is identical to (4).
Of course, for the deterministic or the stochastic version of the neutron transport equation, the initial condition and boundary conditions must be specified.
As illustrated in Section 4 for two special cases of (8), the stochastic transport equation (8) can be solved computationally by discretizing position, direction, and energy and then approximating the resulting system of Itô stochastic differential equations in time. In effect, SDE system (7) is computationally solved using an appropriate stochastic difference system such as (6).
Special Cases of the Stochastic Neutron Transport Equation
In this section, for illustrative purposes, two special cases of (8) are considered. First, a onedimensional stochastic neutron transport equation with isotropic scattering is described.
Second, a stochastic partial differential equation is given for neutrons interacting in a homogeneous medium.
Consider the parallelepiped region 0 ≤ x ≤ x max , 0 ≤ y ≤ y max , and 0 ≤ z ≤ z max where the medium is uniform with respect to the spatial variables y and z. Assume that, except for the left face and right face defined by x = 0 and x = x max , respectively, the neutrons are reflected back at the other faces, i.e., there are reflecting boundary conditions at the four faces except for the left and right faces. Equation (8) is integrated over 0 ≤ y ≤ y max , 0 ≤ z ≤ z max , and angle φ. Then, the equation reduces to
where N(x, µ, E, t) is the number of neutrons per unit length per unit angle per unit energy at position x with direction µ and energy E at time t,ĉ(x, E) =
is the mean number of neutrons emerging per non-capture collision of neutrons of energy E at position x, N ′ = N(x, µ ′ , E ′ , t), and σ ′ = σ(x, E ′ ). In Equation (9),
and f = f (x, µ, E, µ ′ , E ′ ). Equation (9) is a stochastic neutron transport equation for onedimensional slab geometry.
Furthermore, assuming a single energy, isotropic scattering, and only capture and scattering interactions, the above equation becomes:
where N = N(x, µ, t), Q = Q(x, t), and σ s (x) is the scattering cross section at position x.
Equation (10) is a stochastic neutron transport equation for mono-energetic transport in one-dimensional plane geometry with isotropic scattering.
Consider again the parallelepiped region 0 ≤ x ≤ x max , 0 ≤ y ≤ y max , and 0 ≤ z ≤ z max where the medium is uniform with respect to all the spatial variables x, y, and z. Assume that the neutrons are reflected back at all six faces, i.e., there are reflecting boundary conditions at all the faces. Equation (8) is integrated over the volume 0 ≤ x ≤ x max , 0 ≤ y ≤ y max , and 0 ≤ z ≤ z max , and over the angles φ and µ. Then, equation (8) reduces to
where N = N(E, t) is the number of neutrons per unit energy and Q(E, t) is equal to the number of source neutrons per unit energy per unit time.
In a homogeneous medium, with only capture and scattering interactions, the above equation becomes:
is the probability of a neutron scattering from energy E ′ to E per unit energy per unit time. Equation (12) is a stochastic neutron transport equation for a homogeneous medium with only capture and scattering collisions.
Comparison With Monte Carlo Calculations
In this section, the stochastic difference equations derived in the previous sections for neutron transport are numerically solved and compared with independent Monte Carlo computations. and using an explicit approximation in time t along with an upwind differencing approach suggests the numerical procedure:
where n i,j,k ≈ n(x i , µ j , t k ) is the number of neutrons at position x i in direction µ j at time
i,j,m,k and η (c) i,j,k are independent Gaussian N (0, 1)-distributed numbers for each i, j, k, m. Notice that (13) is an Euler-Maruyama approximation [13, 20, 21] to the system of Itô differential equations (7) and is a special case of the stochastic difference system (6).
The problem is solved numerically using two independent computational procedures, i.e, numerical solution of the SPDE is compared with Monte Carlo calculations. Equation sample paths using the two independent computational approaches are given in Table 2 .
The means and standard deviations of the calculated number of neutrons escaping from the left side and from the right side are given for the time interval t = 49 to t = 50. The two approaches agree well. In Figures 2 and 3 , the calculated leakages for one sample path are compared for the two approaches. 
For convenience, the product of the speed, v(E ′ ), with the cross sections are given. The scattering kernel, σ(E ′ )f (E ′ , E), is thus assumed to be piecewise continuous and proportional to 1/ √ E ′ rather than, for example, to 1/E ′ such as for a hydrogen-moderated system. Also, notice that the cross sections are consistent in the sense that
Furthermore, for this problem, it can be shown that the mean number of neutrons with energies between 10 eV and 20 eV is equal to 400 for time t ≥ 0 and the mean number of low-energy neutrons with energies between 0 eV and 10 eV approaches 180 as time t increases. In this problem, the stochastic behavior of the number of neutrons with energies between 0 eV and 10 eV is of interest.
This problem is solved numerically using two independent computational procedures.
Specifically, numerical solution of SPDE (12) is compared with Monte Carlo calculations. In the numerical solution of Equation (12), G = 20 energy groups of equal width ∆E = 20/G are used. Equation (12) is solved using the following stochastic difference equations at discrete times t k = k∆t where ∆t = 0.02:
where n g,k ≈ n(E g , t k ) is the number of neutrons in the gth energy group at time t k = k∆t and
g,g ′ ,k ∼ N (0, 1) are independent normally distributed numbers with mean 0 and variance 1 for each g, g ′ , k. Difference system (14) is a special case of the stochastic difference system (6). In the Monte Carlo procedure, the neutron population in each energy group is checked at each time step for an absorption, an energy group change, or for an addition from the neutron source. This procedure is continued for each time step until the final time t = 2.
Calculational results for 100 sample paths using the two independent computational approaches are given in Table 3 . The means and standard deviations of the calculated number of neutrons with energies between 0 eV and 10 eV and with energies between 10 eV and 20 eV are given for time t = 2. The two different computational approaches agree well. In Fig. 4 , the calculated number of neutrons with energies between 0 eV and 10 eV are given from time t = 0 to t = 2 for one sample path for each calculational method. Again, the results are very similar for the two different calculational procedures.
Applications
Three possible applications of the stochastic neutron transport equations (8) Consider a very simple example of applying stochastic neutron transport equations in a perturbation study. Consider energy-dependent transport in a homogeneous medium with the neutron density given by (12) . Assume, for this example, that there is no neutron source and there are no collisions other than capture collisions where the capture cross section varies with time. The stochastic transport equation, for this problem, reduces to:
Suppose that σ c (E, t) is perturbed toσ c (E, t) = σ c (E, t) + ∆σ c (E, t) for t ≥ 0. We wish to estimate, for the perturbation, the total number of neutrons as well as the change in the variability in this number with time t. In particular, if the perturbed neutron density is N(E, t) + ∆N(E, t), we wish to estimate the change in the total number of neutrons as a function of time, i.e., ∆n(t) = 
for k = 0, 1, . . . where n k (t) =
In addition, using Itô's formula (e.g., [13] ),
From (16) and (17), expressions for E(n k (t)) and E(n 2 k (t)) are readily obtained and then, E(n(t)) = E( k n k (t)) and E(n 2 (t)) = E(( k n k (t)) 2 ). Finally, expressions for E(n(t) + ∆n(t)) − E(n(t)) and Var(n(t) + ∆n(t)) − Var(n(t)) are derived as:
vσc(E,s)ds − e 
Therefore, using the stochastic neutron transport equation to analyze the effect of the perturbation for this transport process, not only are equations derived for estimating the average effect of the perturbation but equations are also obtained for estimating the change in the variability for the perturbation. Indeed, for this perturbation problem, equations (18) and (19) clearly indicate that the mean change and the change in the variability are both proportional to the initial number of neutrons.
Conclusions and Future Directions
Stochastic difference and partial differential equations (SPDEs) are becoming increasingly important in applied mathematics [11, 15, 18, 24] . In the present investigation, stochastic difference equations and an SPDE are derived for neutron transport in a general threedimensional medium. In the derivation procedure, the deterministic and stochastic terms in the differential equation system are simultaneously derived. First, a stochastic difference system is constructed. Next, an SDE system is derived. Finally, a particular SPDE follows from the SDE system. The stochastic difference equations and the SPDE for the neutron angular densities are given by (6) and (8), respectively. SPDEs for special cases of this equation are given by (10) and (12) for one-dimensional plane geometry and for a homogeneous medium, respectively. The stochastic equations generalize the deterministic neutron transport equations and include random influences due to interactions and sources. Hence, certain random phenomena, such as fluctuations during reactor startup, can be studied using these Future work may include appropriately extending the derivations of the present investigation to include the random influence of prompt and delayed neutrons [9, 16, 17] . In addition, stochastic difference equations and an SPDE may be developed to model the random behavior of neutron transport in spherical and cylindrical geometries.
TABLE 1
Possible Changes in the Number n = n(x i , y j , z k , µ l , φ m , E g , t p ) for Time ∆t Change (∆n) Description Probability in Time ∆t µ x v g n(x i−1 , y j , z k , µ l , φ m , E g , t p )∆t/∆x In a yz-face (µ x > 0) 1 −µ x v g n(x i+1 , y j , z k , µ l , φ m , E g , t p )∆t/∆x In a yz-face (µ x < 0) 1 −|µ x |v g n(x i , y j , z k , µ l , φ m , E g , t p )∆t/∆x Out a yz-face 1 µ y v g n(x i , y j−1 , z k , µ l , φ m , E g , t p )∆t/∆y
In a xz-face (µ y > 0) 1 −µ y v g n(x i , y j+1 , z k , µ l , φ m , E g , t p )∆t/∆y In a xz-face (µ y < 0) 1 −|µ y |v g n(x i , y j , z k , µ l , φ m , E g , t p )∆t/∆y Out a xz-face 1 µ z v g n(x i , y j , z k−1 , µ l , φ m , E g , t p )∆t/∆z In a xy-face (µ z > 0) 1 −µ z v g n(x i , y j , z k+1 , µ l , φ m , E g , t p )∆t/∆z In a xy-face (µ z < 0) 1 −|µ z |v g n(x i , y j , z k , µ l , φ m , E g , t p )∆t/∆z Out a xy-face 1 −1 for one sample path using Monte Carlo and SPDE (12) .
